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Expressions for the transport coefficients obtained from the Gross-
Jackson and the Chapman—Enskog methods are used to derive explicit relations incor-
porating the internal energy of the molecules for pure polyatomic gases and for binary
mixtures of gases. Various coefficients such as the binary diffusion, thermal conduc-
tivity, and the viscosity coefficients and the thermal diffusion factor are calculated and
a comparison with the direct simulation Monte Carlo (DSMC) method is carried out.
The results show that the contribution of the internal energy is important and cannot
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Dy Coefficient of self diffusion, m? - s

g pa Relative velocity vector of the colliding molecules, m - s~

I jl Differential collision cross section, m?

(Jp)n=3 Flux vector, kg - m2.s7!

k Boltzmann constant, k = 1.38 x 10723 J. K~!

Kn Knudsen number

Kot Total coefficient of thermal conductivity, W - m-!.K"!

Kirans Translational thermal conductivity, W - m~!.K!

Kot Rotational thermal conductivity, W - m~!.K!

Kyib Vibrational thermal conductivity, W - m~!. K]

kT Thermal diffusion ratio

mp,my  Mass of molecule p or g, kg

Mpg Reduced mass of molecules p and ¢, kg

N Total number of molecules

n Total number density, m™3

Ny, ng Number density of species p and g, m™3

P Pressure, N - m~2

q Heat flux vector, W - m~2

0 Total collision cross section, m?>

r Intermolecular separation, m

r Position vector, m

T Temperature, K

v, Diffusion velocity of species p, m - s~

Xp, X,  Mole fraction of species p or g

Z;"t Rotational relaxation collision number for molecule p

Z}']ib Vibrational relaxation collision number for molecule p

Apg Parameter for VSS potential

oT Thermal diffusion factor

r Euler’s Gamma function

y Dimensionless relative velocity vector

A Mean free path, m

o(r) Intermolecular potential

10 Azimuthal angle, radian

" Shear viscosity, kg - m~! - 57!

% Collision rate, s !

2 Solid angle of diffusion, steradian

2 ;,l’qs) Collision integral

0 Density, kg - m™3

wp,wy  Temperature exponent of the viscosity coefficient for VSS or VHS
potentials

X Deflection angle, radian

6 Characteristic temperature of rotational mode, K

Oy Characteristic temperature of vibrational mode, K

T Viscosity stress tensor, N - m ™2

@ Springer



Int J Thermophys (2010) 31:1111-1130 1113

Subscripts

int Internal modes

p.q  Particular molecular species
ref Reference value

trans Translational modes

Subscripts and Superscripts

rot Rotational modes
vib Vibrational modes

1 Introduction

The development of a variety of devices such as low-pressure chemical vapor
deposition (CVD) reactors and micro-electromechanical systems (MEMS) has led
researchers to concentrate on the study of transport properties in the non-continuum
regime (Kn > 0.01). In this regime, we distinguish two cases: the first case, called
the low-pressure case characterized by a large mean free path of the molecules, and
the second case due to a micro-length scale. The conventional continuum methods
used for analyzing transport problems are based on the fact that transport properties
such as viscous dissipation or thermal conduction are evaluated from bulk flow quanti-
ties such as temperature or velocity. This leads to inaccuracies when the characteristic
length of the flow gradients is comparable to the molecules’ mean free path. The direct
simulation Monte Carlo (DSMC) method has proven to be very effective for solving
problems with a high Knudsen number.

Now, on a larger scale, the study of the physicochemical phenomena appearing
during spacecraft re-entry is based on solving the Navier—Stokes equations, coupled
with kinetic and vibrational relaxation equations. The theoretical determination of
the transport coefficients appearing in these equations is a complex problem. The
analysis of the transport properties in pure or mixed gas flows in the collisional
regime is usually carried out following three methods, all based on solving the Boltz-
mann equation: the method of moments [1,2], the Gross Jackson method [3], and the
Chapman-Enskog method (CE) [4]. The first two methods may be extended to transi-
tional regimes, but in the collisional regime, the CE method seems to be more appro-
priate. In this case, the molecular velocity distribution function is expanded in series
in terms of the Knudsen number, which is the ratio of the elastic collision character-
istic time to the reference flow time. In the weak nonequilibrium (WNE) case and for
elastic collisions [5,6], Chapman—Enskog methods [4] give results that are in good
agreement with experiment. The extension of these methods to gases whose structure
is more complex is, however, more difficult because of the inelastic collisions, par-
ticularly when nonequilibrium conditions prevail [7]. Collisions integrals associated
with internal energy exchanges are required for the evaluation of transport properties
of polyatomic species mixtures. In our work, we are mostly interested in the dilute-gas
limit, regime for which the Chapman—Enskog method is valid.

We will give explicit relations for the transport coefficients that take into account
the internal energy of the molecules. These coefficients are functions of collision inte-
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grals that depend on the molecular collision dynamics. Using the Mason and Monchick
approximations [8,9] and, assuming the harmonic oscillator model for diatomic mol-
ecules, expressions for the transport coefficients are given in explicit form.

The binary diffusion coefficient and the thermal diffusion factor derived from the
Gross—Jackson method [10] with approximations of Monchick et al. [11] are calculated
for the variable soft sphere (VSS) molecular potential model of Koura and Matsumoto
[12,13] for a binary mixture of gases. These two coefficients are also calculated with
the DSMC method with the VSS molecular potential model implemented in it: the
binary diffusion coefficient is evaluated through a simulation where we have two res-
ervoirs of gases, i.e., two concentration gradients at uniform pressure and temperature;
the thermal diffusion factor is evaluated from a simulation in a binary mixture of gases
at uniform pressure sustaining a temperature gradient. The influence of the vibrational
energy on the thermal diffusion factor is also examined.

The thermal conductivity and the viscosity coefficients are evaluated for pure poly-
atomic gases with the Chapman—Enskog method. These coefficients are also calculated
with the DSMC method through various simulations of a uniform shear flow or Couette
flow. In both methods, the VSS molecular potential model was used.

2 Transport Coefficients

2.1 Boltzmann Equation

Let fip = f(vp, Eip, r, t) be the distribution function where
ip designates the internal state of molecule p,

v, is its velocity,

E;p is its internal energy,
r is its position at time ¢

The Boltzmann equation for molecule p in the absence of external forces is

ot tUp—— or ijq (fips fiq)

_ZZ/// fk”f"’ f”’f/q)gpq ij sin xdxdedv, (1)

q  jki

where ip and jg represent the internal state of molecules p and g before collision and
kp and lq their state after collision; if g ,, = v, — v, is the relative velocity of mole-
cules p and g before collision and g’p g = v;] — v:] their relative velocity after collision,
then, x and ¢ are, respectively, the polar and azimuthal angles which describe the

orientation of g/pq relative to g, fk/p = f(v/p, Eip.1,1); f/q =f (v;, Eig,r, t);
fiag=1T1 (vq, Ejq.r, t), and Iij is the differential collision cross section.
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2.2 Diffusion in a Binary Mixture of Gases

Using the method of Gross—Jackson to solve Eq. 1, we get the formal expression of
the flux,

2
j n 9 (np np _ npmp\ 3In(P)
Upln=3 = _;mpmq [Dpaly=s (a_r (7) + (7 - )

[ @

where 7 is the number of particles per unit volume, m, and m, are the masses of
molecules p and g, respectively, and p is the density of the mixture.

[Dpg1n=3 is the third-order coefficient of binary diffusion in the Gross—Jackson
approximation and is written as a ratio of determinants |4 x 4|/|5 x 5| [10]:

00,00 410,00 401,00

kT [ A10.10 50110
[Di2ly=3 = —— |:A10,01 A01.01 A00,10 410,100 401.10 3)
e 700,01 710,01 701,01

[DT],_5 is the third-order coefficient of thermal diffusion and is written as a ratio of
determinants |5 x 5|/|5 x 5| [10]:

0 MI0,00 MOl,OO
MOO’OO Ml0,00 MOI,OO

X1
[DT]N = IZITP; P M10.10 701,10 / MO0.10 471010 70110 | gy
= 1% 2 X1 710,01 301,01 M00.01 3,710,01 5,01,01

X2

X1 andX» are the mole fractions of species 1 and species 2, respectively. Monchick
etal. [9] found ittobe a |7 x 7|/]|6 x 6] ratio.

The elements of these determinants are complicated functions of the collision inte-
grals and can be found in Ref. [10]. When there are no inelastic collisions, these
coefficients reduce to the second Chapman—Enskog approximation to the binary and
thermal diffusion coefficients [4].

The thermal diffusion factor o is defined by the following expression:

ar=—t['] /D0y 5)

[D12]n=1 corresponds to the first-order approximation to the coefficient of diffusion
in a binary mixture of gases in the Chapman—Enskog expansion, p1, o2, and p are the

densities of species 1, species 2, and of the mixture, respectively. ot can be put in the
form

0T = Qrans + Uint (6)
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Orans 18 the contribution of the translational energy and «ip; that of the internal energy
(rotation and vibration).
The thermal diffusion ratio is given by

kT = X1X20lT (7)

The contribution of the internal energy to the binary diffusion coefficient is small
[11], so, [D12]n=3 in the Gross—Jackson expansion, corresponds to [D12]y=7 in the
Chapman-Enskog expansion defined in [4] where only translational energy exchanges
are taken into account in calculating this coefficient.

2.3 Thermal Conductivity and Viscosity in Pure Polyatomic Gases in Weak
Nonequilibrium (WNE)

Using the Chapman—-Enskog method in the WNE case we get the expression of the
heat flux ¢,

oT

9 = Guans + Qrot T vib = _Kt0[8_r ®)

where Ky, the coefficient of thermal conductivity, is also written as a sum of trans-
lational, rotational, and vibrational contributions:

Kiot = Kirans + Krot + Kvip (9)

Here, we have a single chemical species. The explicit formal expressions for Kirans,
Ko, and Ky, are given in [8,9] by

15 k 1 10 Clrpot C;ib 5 Cr;t C\I;ib
Kueans = =t N\ " 3\ 2ot T 2w ) ) 270 P\ 2ot T 20
P P p P

(10)

2pD,, 1 5 ot
Kiot = npDy,cof 1 — 22222 Zn,D,,—— 11
rot n[7 PPC[? ( T /JLp Z;()t + T[np pp Z;Ot ( )

: 2 pD,, 1 5 vib
Kyip = npDy,c¥iPf 1 — =222 Zn,D,,—2— 12
vib np Ppcp ( T Mp Z;]b + nnp pp Z}I)Ib ( )

In these expressions, c;,"t

a diatomic gas and c;ib is the molecular specific heat of vibration. Its expression for

an harmonic oscillator is
b 0,/2T \*
¢, = k| ——— (13)

is the molecular specific heat of rotation and is equal to k for

sinh (6, /2T)

where 6y is the characteristic temperature of vibration.
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D), is the coefficient of self diffusion:

D,, = —3kT (14)
pp — (1,1)
8nm p 2y
and (., is the dynamic viscosity given in [4]:
5 kT
I"LP =3 (2’2) (15)
8 Ly

The expressions of the collision integrals SZ‘(,}[;I) and .Q‘(,,zl;z) are given in the appendix.
The expression of the rotational relaxation collision number Z;Ot is given by Parker’s
formula [14,15],

32 1/2 2 -1

T 6 T [7)

zot=zotl 44— (2 +=— + = 16
4 OO[ 2 (T + TTI\T (16)

where Z& is the limiting value of Z;"t at high temperatures. For our theoretical cal-
culations for nitrogen, Zg‘é‘ = 15.7 and 6; = 80.0 K.

The vibrational relaxation collision number Z ;ib is evaluated from the experimental
data found in [16,17]

. C
AL T—ju exp (CQT’%) (17)

where C| and C; are constants depending on the nature of the gas under consideration;
w is the temperature exponent of the coefficient of viscosity: pu o« T¢.

3 DSMC Method
3.1 Description

The DSMC method, pioneered by Bird [17], is used to obtain the density, pressure,
velocity, and the translational, rotational, and vibrational temperature fields in the sim-
ulated physical space. As a result, the DSMC is accurate for problems in which the
degree of rarefaction in flow fields is high or when the characteristic length is small.
The degree of rarefaction is characterized by the Knudsen number, which is the ratio
of the mean free path X to a typical dimension L of the flow field (Kn = A/L). The Kn
domain is often divided into four flow regimes. When Kn < 0.01, the usual continuum
assumption is valid, and the Navier—Stokes equations are applicable in their common
form. When 0.01 < Kn < 0.1, we are in the slip-flow regime, and the Navier—Stokes
equations are used with the usual no-slip wall boundary condition replaced with a
slip-flow boundary condition. When 0.1 < Kn < 10, we are in the transition regime,
and the Navier—Stokes equations are no longer valid. DSMC is an effective tool for
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studying the fluid effects in the flow field. When Kn > 10, we are in the free molec-
ular regime, and the flow is sufficiently rarefied to neglect molecular collisions. The
collisionless Boltzmann equation is therefore applicable.

In the DSMC method, a real gas is simulated by thousands or millions of molecules.
The positions, velocities, and initial states of these simulated particles are stored and
modified in time as they are moving, colliding among themselves, and interacting
with boundaries in the simulated physical space. Each simulated particle represents
a very large number of physical molecules. In this method, the number of molecular
trajectories and molecular collisions that must be calculated is substantially reduced.
Furthermore, the DSMC method uncouples the analysis of the molecular motion from
that of the molecular collisions by use of a time step d¢m smaller than the real physical
collision time (dtm < 1/v where v is the collision rate). The DSMC method applied
to low-pressure fluid flow simulation is intuitively attractive, because it is valid for all
flow regimes. Generally, in the DSMC framework, high-velocity flows are much easier
to study than low-velocity flows because of the statistical fluctuations [17]. In DSMC,
the computational time step must be less than the mean collision time. Another con-
dition that must be satisfied during a DSMC procedure is that the smallest size of the
computational cells must not be greater than one-third of the mean-free path. In addi-
tion, the importance of statistical fluctuations caused by small perturbations, increases
as the flow velocity gets smaller. The statistical fluctuations decrease with the square
root of the sample size.

3.2 Numerical Experiment with the DSMC Method
3.2.1 Review of the Theory

The mean diffusion velocity V; of species i in the medium is given by

2 T
Viz(”_)zmjD,-jd,-— Di 9In(T) (18)

n;p ; nim; ar

The flux j; of species i is

2 vV

) n dIn(T)

_]i=l’l,‘mivi=—zmim]'Dijdj—DlT ar (19)
j=1
with
d (n; ni nim;\oln(P) nim;f p i

d:—(—’) RO i i X ) 20
/ 8rn+n 0 8r+Pp mj/;nkk()

X represent all external forces acting on the molecules.
The v Eq. 19 for each one of the species can be replaced by v — 1 independent
relations
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v T T

nin; 31n(T) nin; D; D,
V,—V,)=d; — — 21
znZDij ( J l) ! ar anDij njm;  nim; @h

j=1 j=1
J# J#
For a binary mixture, Eq. 19 can be written as
n? a1In(T)
T

Ji=nmV;= ;mlszlzdl — D (22)

ar

Since di = —d> and j| = —j,, we have Dj» = D5 and DlT = —DZT, and Eq. 21
can be put into the form,

2

n
Vi—-Vy=-—
ning

(23)

JIn(T
D12 (dl + kr i ))

in the absence of external forces, Eq. 23 becomes

2
R n Dlz( 0 (ﬂ) N (ﬂ_nlml) dIn(P) +kT81n(T)> (24)

niny ar \n n 0 ar or

where kt is the thermal diffusion ratio defined by

T
14 Dy

kr = —+«— 25

' n’mimy Dia (23)

and o is the thermal diffusion factor related to kT by

kr (26)

3.2.2 Applications

The first application concerns a binary mixture of gases. For our calculations, we used
the DS2G code of Bird, taking into account the rotational and vibrational energies
as well as the chemical reactions. For very small temperature and pressure gradients,
Eq. 24 reduces to

n? d /ny
Vi—Vy=-— D1y — (—) 27
niny ar \n

For a one-dimensional flow, the binary diffusion coefficient is simply

nn A
D12=—(Vl—Vz)—l 2 Y

n 7A(n1/n) 28)
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This equation is used to determine the values of the binary diffusion coefficient from
simulation.

For the calculation of the diffusion coefficient D1, in a binary mixture of gases
from simulation, we have two reservoirs of gases, i.e., two concentration gradients, at
uniform pressure and temperature as illustrated in Fig. 1. The flow field is filled with
an argon reservoir at the inner boundary (y = 0) and with a nitrogen reservoir at the
outer boundary (y = 1 m). In order to keep the local Knudsen number within the range
of values for which the Chapman—Enskog theory is applicable, the number density in
each reservoir is set to 2.8 x 102° m~3. The molecular properties of the VSS model
used for argon and nitrogen are listed in Table 1.

The time step dtm is the time over which the molecular motion is uncoupled from
the intermolecular collisions. It should be small in comparison with the local mean
collision time. It was set to 0.5 x 10~%s. The number of cells in the y-direction was
set to 200.

In the case of a Fourier flow, the relative diffusion velocities and the pressure dif-
fusion term are negligible, so, Eq. 24 reduces to

0 /np 0 1In(T)
(a_r (7) Fhr— = ) =0 (29)

Reservoir N,

y4 I'm 7= 1000 — 8000 K

Reservoir Ar

Fig. 1 Experimental arrangement for the binary diffusion coefficient

Table 1 Physicochemical properties of argon and nitrogen used in the DS2G code [17]

Parameters Units Argon Nitrogen
dret m 4.11x10~10 4.11x10710
Tref K 273 273

1) - 0.81 0.74

o - 1.4 1.36

m ke 66.3x107%7 46.5x107%7
ZIO[ - - 5

Oy K - 3395

Cy - - 9.1

C, - - 220
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Using Eq. 26, and the fact that n = n| + ny, then, a straightforward integration of
Eq. 29 yields

In(ny /n2) = —ar In(T) + C (30)

where C is a constant. Therefore, a plot of In(r1/n2) versus In(7") should be a straight
line, and from it we can determine or.

The thermal diffusion factor a is calculated from simulations in a binary mixture
of gases at uniform pressure and concentration sustaining a temperature gradient in
the +y-direction as illustrated in Fig. 2. The inner boundary (at y = 0) is a diffusely
reflecting surface at 300 K, and the outer surface (at y = 1 m) is a stream boundary of
a mixture of equal parts (N| = N») of argon and nitrogen at a temperature 7" ranging
from 1000 K to 8000 K and a total number density of 1 x 102 molecules per cubic
meter. The number of cells was set to 200, and the time step set to 0.3 x 10 5s.

The second application concerns nitrogen. The viscosity and the thermal conductiv-
ity coefficients of this gas are determined through a simulation of a uniform shear flow,
i.e., a plane Couette flow as shown in Fig. 3. We used the DSMCI1 code of Bird [17]
in which we have implemented the vibrational and chemical reactions (dissociation of
N3). The inner boundary (y = 0) is a diffusely reflecting surface and is at rest while
the outer boundary (y = 1m), a diffusely reflecting surface at the same temperature,
moves with a finite velocity in the +x-direction. The VSS potential model combined
with the Borgnakke—Larsen method [18] was used. The time step was set to 3 x 107°
s and the number of cells in the y-direction was set to 200. The number density of the
nitrogen is set to 10%° m~3, and, both surfaces and the gas are at the same temperature
T. For Figs. 4 and 5, calculations were performed at T = 273 K. For Figs. 9 and 10,
the calculations were performed at 7 ranging from 1000 K to 8000 K.

We made various simulations for different Knudsen numbers. Figures 4 and 5 show
the velocity slip and temperature slip profiles. These are of the order of A%—‘{ and A%,
respectively, in agreement with previously published work [17]; A is the mean free
path.

The equations that we used for the determination of the values of the thermal con-
ductivity and the viscosity coefficients from simulation are the following

T»,=1000 — 8000 K
y T I 1m Ar-N,

T,=300 K

Fig. 2 Experimental arrangement for the thermal diffusion factor

+x —> Y vV =1000m-s
y T I m Nitrogen gas

V=0m-s"

Fig. 3 Figure illustrating the plane Couette flow
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1000

800

600

V, m'S‘]

400

y, m

Fig. 4 Velocity slip profiles for nitrogen in a Couette flow

500

480

460

440

A
420
400

380

Kn =0.01

360 Kn=0.1

/
340 Kn=1.0
Kn=10

Yy, m

Fig. 5 Temperature slip profiles for nitrogen in a Couette flow

Kiot = q (Ay/AT) (3D
and
w=7t(Ay/AV) (32)
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4 Results and Discussion

The theoretical results correspond to calculations of transport properties from the
expressions derived with the Gross—Jackson and Chapman—Enskog methods and incor-
porating the internal energy of the molecules of the gas. Simulation is a numerical
experiment carried out, in our case, with the DSMC method to evaluate these coeffi-
cients. This Monte Carlo technique is applicable for any Knudsen number.

The transport coefficients are functions of collision integrals that depend on the
molecular collision dynamics. We have calculated analytically these integrals for the
VSS intermolecular potential model with the help of Mathematica software. The com-
puting times were very short, and the analytical expressions that we have obtained are
given in the appendix. In this article, we have applied the theory to an Ar—N, mixture
and to pure nitrogen.

e Figure 6 shows that the plot of In(n1/n>) versus In(7T') is indeed a straight line,
indicating that the approximations made in deriving Eq. 30 are reasonable.

e Figure 7 shows the values of the binary diffusion coefficient D1, from simulation
and from theory as a function of temperature for a 50 % argon and 50 % nitrogen
mixture. We see that the results are in good agreement. The discrepancy between
the two models is small at low temperature (less than 3 %) but increases with
temperature and reaches 6 % at 8000 K.

e The plot of the thermal diffusion factor aT as a function of temperature for a 50 %
argon and 50 % nitrogen mixture is shown in Fig. 8. It is seen that the results are
in good agreement at low temperature (up to 5000 K) and that there are important
discrepancies between the two models at higher temperatures. We note that the
vibration energy contribution is negligible at low temperature (up to 5000 K) but

T T
Ar-N, Mixture, T=1000 K, Kn=0.01

0.0

0.04 o
e

% o

AN

0.03
0.02

0.01

In(n,/n,)

-0.01
-0.02

-0.03

."

-0.04

|HH|HH|HH|\H\|HH|\H\|HH|HH|HH|H¥‘\H

-0.05

&»,
4 €30
[RERE ARERE RRRRE SRRN] SRRN1 ARRN1 FRRNE ARNN1 RNRN1 ARNN1 RRRN1 AN

e

o
o
(6]
~

Fig. 6 Plot for the determination of o
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26 T T I T T T I T T T I T T T
Ar-N, , Mixture (X, =0.5), Kn=0.01

T

24

22

20
1Dyl

18 —A&—— DSMC

5
IS

AR LR AR L R LR R R R EE]

W ENEE FEAE FRNE SN ARNl SN FENE FRNE ARNE RN R

2000 4000 6000 8000
T,K

Fig. 7 Binary diffusion coefficient for an Ar—N» mixture

05t Ar-N, Mixture (X, =0.5), Kn = 0.01 I',
ul.
[Ep— 4
ozl Theory ( alrans+aml) ;
4
----- Theory ( alrans-'—arot*—avib ) '.’ !
0.15} —4— DSMC 7

1000 2000 3000 4000 5000 6000 7000 8000
T, K

Fig. 8 Thermal diffusion factor ot for an Ar-N; mixture

dominates at high temperature. These results indicate that the weak nonequilibrium
model (WNE) overestimates the contribution of the vibrational energy.

e InFig. 9, we have plotted the theoretical values of Kians, Kirans + Krot, and Kot =
Kirans + Krot + Kvib, and the DSMC values of Ko as a function of temperature for
nitrogen. We note that the discrepancies between the theoretical and DSMC results
are small. This figure shows that the contribution of the vibrational energy to the
thermal conductivity is not negligible as has been shown in [19] though a different
approach was used: rigid-rotor classical trajectory calculation with inclusion of a
correction for vibration.
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0.45 T T T T T T T T T T T T T T3
osE Nitrogen, V=1000m's", Kn=0.01 b,
0.35 E— I = K VSS —E
: _____ (Klrun>+Kml) VSS :
03 ————- K, VSS PR
Y [ ——A—— DSMC _-- ]
= 0.25 | PR ]
= - < ]
z o02F e
5<h E .—""" E
0.15 3
01 3
0.05 ™" 3
:| L 1 L L L 1 L L L 1 L L L 1 ]
2000 4000 6000 8000
T,K
Fig. 9 Thermal conductivity of Ny

2.2
20 Nitrogen, Kn = 0.01 o ]
1.8 ====Theory VSS 1
=, 16 —@— DSMC V=300 ms' ]

—— DSMC V=1000 ms "'

10*x 1, kg m™
5

0.8

0.6

04

1000 2000 3000 4000 5000 6000 7000 8000
T,K

Fig. 10 Viscosity coefficient of N»

e The viscosity coefficient of nitrogen as a function of temperature is plotted in
Fig. 10. We see that there is good agreement between the theoretical and DSMC
results for both velocities (V = 300m -s~! and V = 1000m - s~ ).

5 Conclusion

In this work, starting with the expressions for various transport coefficients obtained
from the generalized Gross—Jackson and Chapman—Enskog methods, we have derived
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formal expressions for these coefficients that take into account the internal energy of
the molecules for pure polyatomic gases and for binary mixtures of gases. Assuming
a weak nonequilibrium model (one-temperature model), we have found that for the
thermal diffusion factor of a binary mixture of gases, vibrational energy exchanges
play an important role at high temperature. At very high temperature, the Gross—
Jackson kinetic model overestimates the contribution of the vibrational energy to this
coefficient, suggesting that when strong nonequilibrium conditions prevail, a multi-
temperature formalism [20] should be used. For the thermal conductivity coefficient
of pure polyatomic gases, the contribution from rotation is almost constant and is of
the order of 10% at low and high temperatures, whereas vibration is negligible at
low temperature but dominates at high temperature. All this indicates that the internal
energy represents an important part and cannot be neglected. Thus, to check the valid-
ity of the theory against the DSMC method, we compared the results from these two
methods and we have shown that the contribution of the internal degrees of freedom
(rotation and vibration) to the thermal conductivity as calculated by the theoretical
model is in good agreement with DSMC results.

Appendix
A1l Collision Models

Al.l Hard-Sphere (HS) Collision Model

The differential cross section /ds2 for the collision specified by the impact parameter
b and ¢ is defined by /d$2 = bdbde, where d§2 = sin xdxde is the element of solid
angle and I = (b/sin x)|db/dy|. The total collision cross section Q is

b/

4
Q:/IdQ:Zn/Isinxdx (33)
0

0

Let us consider a collision between a molecule of species p and one of species g whose
effective diameters are d), and d,, respectively. The collision becomes effective at a
distance dpy = % (dp + dy). The impact parameter b is related to the deflection angle

x by the expression,

b =dpg sin () = dpg cos (x/2) (34)
O is defined as the value of 6 for which r, the intermolecular separation, has a mini-
mum value. This minimum value, ry,, is the distance of closest approach and will be
defined shortly. From [16], the angle x is related to the angle 6y, by the relation,

X =1 —20n

The differential collision cross section is [ = }‘diz,q and Q = ndzq.
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Al.2 Variable Hard-Sphere (VHS) Collision Model

This model, developed by Bird [21], uses cross sections that are functions of the rel-
ative velocity, but with a hard sphere (HS) scattering angle. We still have Q = nd,z, q
with

(2Tt (mpay))
[(5/2—wpg)

dpg = dref pg (35)

where
1
dret pq = 5 (dref p T+ drefq) (36)

I" is Euler’s Gamma function; dief p and dref, are the diameters of molecules p and
q at temperature Ter = 273 K, and w),, is the exponent of the temperature in the
viscosity coefficient. The value of d ), in the VHS case is adjusted in such a way so as
to make the viscosity coefficient proportional to 7“7 (w,, = 0.5 for a hard sphere
gas and =1 for a Maxwell gas). As in the HS model, the scattering angle y is given
by

x =2cos” ! (b/dy) (37)
Al.3 Variable Soft-Sphere (VSS) Collision Model

The VSS model, developed by Koura and Matsumoto [12,13], is a generalization of
the VHS model in which the diameter varies in the same way as in the VHS model,
but with a deflection angle x given by

x =2cos”! [(b/dpq)l/"‘”q] (38)

The parameter o, is used to characterize the anisotropy of the scattering angle. It is
set to 1 if the VHS model is used, and it is set to the appropriate value of the Schmidt
number of the gas if the VSS model is used.

A2 Collision Integrals .foq

The collision integrals are given by the general expression

o0
kT )
20 =5 / e Tyt 00 (gpg) dypg (39)
Pq
0
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1/2
Here v,y = (m »q gf, 0/ 2kT) » &pq 1s the initial relative speed of the colliding

molecules, and Q(l) is the total collision cross section,
o0
0¥ =2x / — cos’ x bdb (40)
0

x is the deflection angle,

(. "
x(g,b):yt—2b/ 1——2—&) = (41)
r r

1 2
Zqugpq

'm

@(r) is the interaction potential, and b, the impact parameter, is the distance of closest
approach in the absence of the potential ¢(r). ry, is the positive root of the equation,

1
Eml,qgiq —rp(r) — m,,quqb2 =0 (42)

and m 4 is the reduced mass of the colliding molecules.

A2.1 Collision Integrals for the Intermolecular VSS Potential

The following expressions of the collision integrals Sllp"fq for the VSS model hold for
mixtures as well as for pure gases. They were calculated with “Mathematica” software
and they are given by

L1 T 2 4 (KT (mp-l-mq)
Qg)q ) = \/;(drefp +drefq) m, W
L (=T+wp+ $(—1+wp+
5 mpmq 2( oF wq) m3 kTrequ (mp+mq) 2( wp wq)
KT (mp,+mg) 1 mpmyg
x (=5 +wp+ o) | x (ST (my +my) (1+pg)) 43)
1
3 (=9twpteq)
022 _ \/Z(d oot )2m4 kT (mp+mg) mphtg 2
rq g \retprrela mphyg kT (m,,—i—mq)
1
S (—14wptwg)
o kTret pq (mp+mg) \* Y
1 mphg
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X Upg (—5+a)p+a)q) (—7+a)p+a)q)

-1
X (8k4T4 (mp+mq)4 (1—|—otpq) (2+ozpq)) (44)
3(=9
202 = 1/z (dref p+d )2m4 kT (mp +my) mpmg 2 (—9+wptoy)
" 2 St mpmq kT (mp, +my)

1

5 (—14wp+a,)
4 [ *Tret pg (mp +mg)

X mq

mphiy

X tpg (=5 + wp 4+ wq) (=7 + wp + ay)

-1
X (8k4T4 (mp+mg)* (14 ) 2+ “pq)) (45)
T 2 kT (m +m
9;,143) = \/; (drefp‘f'drefq) m mpli”’lq q)
1c_ 1co_
mpmg 3 (—114wptaog) s KTt pg (mp+mq) 3 (—1Hwptag)
kT (mp-+mg) 7 mphig

x (=5twptoy) (~T+opto,) (-9+o,+og)

x (326573 (4 )’ (H—ozpq))_l (46)

A2.2 Collision Integrals for the Intermolecular VHS Potential

For the VHS model the collision integrals are the same as in the VSS model except
that o, is set to 1.

References

M.N. Kogan, Rarefied Gas Dynamics (Plenum Press, New-York, 1969)

R.M. Velasco, F.J. Uribe, Physica A 134, 339 (1986)

E.P. Gross, E.A. Jackson, Phys. Fluids 2, 432 (1959)

S. Chapman, T.G. Cowling, The Mathematical Theory of Non-Uniform Gases, 3rd edn. (Cambridge
University Press, Cambridge, 1970)

R. Brun, Transport et Relaxation dans les Ecoulements Gazeux (Masson, Paris, 1986)

J.O. Hirschfelder, C.F. Curtiss, R.B. Bird, Molecular Theory of Gases and Liquids (Wiley, New
York, 1964)

LN

S

@ Springer



1130 Int J Thermophys (2010) 31:1111-1130

18.
19.
20.
. G.A. Bird, in Rarefied Gas Dynamics, ed. by S.S.Fisher (Progress in Astronautics and Aeronautics,

. ER.W.McCourt, J.J.M. Beenakker, W.E. Kohler, I. Kuscer, Nonequilibrium Phenomena in Polyatomic

Gases, vol. 1 (Oxford Science Publications, Oxford, 1990)

. E.A. Mason, L. Monchick, J. Chem. Phys. 36, 1622 (1962)

. L. Monchick, K.S. Yun, E.A. Mason, J. Chem. Phys. 39, 654 (1963)
10.
11.
12.
13.
14.
. J1.D. Lambert, Vibrational and Rotational Relaxation in Gases (Clarendon, Oxford, 1977)
16.
17.

P.C. Philippi, R. Brun, Physica A 105, 147 (1981)

L. Monchick, A.N.G. Pereira, E.A. Mason, J. Chem. Phys. 42, 3241 (1965)
K. Koura, H. Matsumoto, Phys. Fluids A 3, 2459 (1991)

K. Koura, H. Matsumoto, Phys. Fluids A 4, 1083 (1992)

J.G. Parker, Phys. Fluids 2, 449 (1959)

D.R. Millikan, R.C. White, J. Chem. Phys. 39, 3209 (1963)

G.A. Bird, Molecular Gas Dynamics and the Direct Simulation of Gas Flows (Clarendon
Press, Oxford, 1994)

C. Borgnakke, P.S. Larsen, J. Comp. Phys. 18, 405 (1975)

S. Bock, E. Bich, E. Vogel, A.S. Dickinson, V. Vesovic, J. Chem. Phys. 120, 7987 (2004)

S. Pascal, R. Brun, Phys. Rev. E 47, 3251 (1993)

AIAA, New York, 1981), pp. 239-255

@ Springer



	Transport Properties in Gases at High Temperature and Low Pressure: Comparison of Kinetic Theory with Direct Simulation Monte Carlo
	Abstract
	1 Introduction
	2 Transport Coefficients
	2.1 Boltzmann Equation
	2.2 Diffusion in a Binary Mixture of Gases
	2.3 Thermal Conductivity and Viscosity in Pure Polyatomic Gases in Weak Nonequilibrium (WNE)

	3 DSMC Method
	3.1 Description
	3.2 Numerical Experiment with the DSMC Method
	3.2.1 Review of the Theory
	3.2.2 Applications


	4 Results and Discussion
	5 Conclusion
	Appendix
	A1 Collision Models
	A1.1 Hard-Sphere (HS) Collision Model
	A1.2 Variable Hard-Sphere (VHS) Collision Model
	A1.3 Variable Soft-Sphere (VSS) Collision Model

	A2 Collision Integrals Ωl,s p,q
	A2.1 Collision Integrals for the Intermolecular VSS Potential
	A2.2 Collision Integrals for the Intermolecular VHS Potential


	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


